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In the hypersonic limit, terms of 0[7 — 1/7]
be neglected with respect to terms of order 1
equation can now be written

Jr I?

[hd/Hd] may
The energy

Equation (4) can be integrated and the constant of integration
set equal to zero in order to insure the exponential decay of
the profiles, as well as the boundedness of the various bound-
ary layer thicknesses The resulting equation can be evalu-
ated at 77 = 0 :

2 (l - ~) [/iWo'W] = 0 (5)

The energy transfer to a wall in a slip flow is [k(<bT/dy)o\ +
(TU)Q = q In terms of our 77, £ variables, this corresponds to

(6)
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In terms of our expansion parameter t,
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From Eq (5), the coefficient of e is equal to 0 Thus q np =
quo slip

As noted earlier, this result has been obtained before by
Maslen2 and has been the center of some controversy among
Rott,5 Shen,6 and Maslen7 It would appear that this es-
pecially simple result, independent of the magnitudes of Pr,
aV) or (IT, hinges on the correct application of the transforma-
tion (di7/dtf),,-o = p(0)u5/(2£)1/2 rather than p(w)u8/21/2£
For (7 — l)/7 -> 0, the solutions of Eqs (2a) and (2b) are

i' = /o'd?) - [aT - X

(8a)

,OM(8b)

An approximate estimate of the effect of slip on induced
pressure can be obtained quite simply for this limiting hyper-

sonic case, TV = 1 and Pr = 1 The displacement thicknes-
can be written

5* = 80* [
where

Si

So = - f0'*)dr,

Thus

— avgw + [aT — a ][1 — gw]

(9a)

(9b)

(9c)

(10)
From the tangent wedge formula, pi = f (5i/50), or using

the Crocco integral and the Blasius7 results,

^]) 4
30664

This result implies that slip effects on a cold wall will tend to
increase the induced pressure from the no-slip values, whereas
slip effects on a near adiabatic wall, where gw ~ 1, will lower
the induced pressure The latter effect has been observed,
while the former disagrees with currently available data Our
analysis, although incomplete and approximate, does suggest
that slip alone is not sufficient to cause strong interaction
theory to agree with experiment as the leading edge is ap-
proached, at least for a cold wall
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Reply by Author to J Aroesty

L TALBOT*
University of California, Berkeley, Calif

THE writer does not think that there are any differences of
opinion between Aroesty and himself, except perhaps

in what we imply in our use of words like aslip flow" and
"rarefaction effects/7 and certainly he agrees with him that
the leading edge region cannot be treated adequately merely
by applying slip boundary conditions to the hypersonic
boundary layer equations The main purpose of the note was
to suggest that the region of the leading edge flow, where the
predictions of hypersonic boundary layer theory begin to de-
part from the experiment, might be characterized by a par-
ticular Knudsen number based on properties of the hypersonic
boundary layer The fluid-dynamic phenomena responsible
for these departures most likely include the merging of a thick
shock wave with a completely viscous layer, as well as slip at
the wall, and the flow probably resembles more the model con-
sidered by Oguchi1 than a slipping hypersonic boundary

Received September 16, 1963
* Professor, College of Engineering

AIAA
Associate Member



JANUARY 1964 TECHNICAL COMMENTS 191

layer In using the terms "slip flow" and "rarefaction effects,"
the writer had in mind the combination of all of these phe-
nomena, and for this reason it was not unreasonable to sup-
pose that these effects might correlate better with a mean free
path behind the shock wave rather than at the wall Whether
or not these "rarefaction phenomena/7 in the sense that the
writer used the term, are susceptible to analysis within the
framework of Navier-Stokes theory is still an open question
It is his opinion, evidently shared by Aroesty, that the
resources of the Navier-Stokes equations are not yet ex-
hausted
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Flow in Contracting Ducts

J C GlBBINGS*

University of Liverpool, Liverpool, England

THERE are a few points of interest arising from the paper
by Szczeniowski * He draws attention to two solutions

for the two-dimensional irrotational, incompressible flow
through contracting ducts These are, of course, two of
many such existing solutions, some of which have been
critically compared by Moretti 2

It is of interest to examine further the second solution
quoted by Szczeniowski * The expression for the ordinates
in the z = x + iy plane in terms of the complex potential
w = <p -\- i\f/ is given as

Taking, for algebraic simplicity, both a and U as unity,
differentiating and rearranging results in

w = log

1 . /dw 1 \ , ITT ~ logU—ilog (TZ ~ i,) + -^i~
where ITT is taken as the principle value of log( —1) Now
the dw/dz plane is the hodograph plane, for dw/dz — u — iv
Thus, in this plane the flow is from a source of strength I/
(ju — 1) at the point (1,0) to a sink of the same strength at
the point (l//z,0) This solution has also been described by
Libby and Reiss3 and the present writer 4 The outermost
streamline along which the velocity rises mono tonic ally is the
circle whose diameter lies along the x axis Along the axis
corresponding to the duct centerline, I/IJL < dw/dz < 1
(note that the flow is backward in the duct), and so + oo >
<p > — oo and \f/ = 2TT/(fj, — 1) The outermost streamline
has a stream function value that is less than this by Or/2)/
(/A — 1) and thus, along it, \p = (3ir/2)/(p, — 1) for all values
of /z O > 1)

It does not appear possible to obtain any exceptions to the
result that the velocity distribution in contractions becomes
uniform only at infinity up- and downstream This can be
seen from inspection of the hodograph plane as shown in Fig
1 (The sketch is of the logarithmic hodograph plane, log(dw/
dz) = logg — id )

In this plane a uniform flow transforms to a single point,
and so the upstream and downstream flows, when uniform,
transform, for any boundary shape, to the two points marked

f \ B

Fig 1

A and B The two uniform flows thus correspond to the
origins of a source and sink flow at which <p has the values — oo
and + oo } respectively Transformation back into the z
plane by integration5 gives the corresponding x values as
T oo

It seems difficult to imagine a flow pattern in the logarith-
mic hodograph plane where the outer streamline gives a
continuous increase in logg, whereas an intermediate one
has a maximum and a minimum value The flow along
the axis always rises monotonically whatever the boundary
shape However, in the real flow a monotonically rising
velocity is required only along the boundary

Real contracting ducts are finite in length, usually ad-
joining parallel wall ducts upstream and downstream As
Goldstein showed,6 two regions of falling velocity gradient
occur along the duct boundary There are two general
cases:

1) The first case is one in which adverse gradients can be
restricted to occur along the parallel walls The boundary
in the logarithmic hodograph plane is as sketched in Fig 2,
lettered A C D B and marked I, A and B being the origins of
the source and the sink flow, respectively

2) The second case is one in which adverse gradients can
be restricted to occur along the curved wall Such a bound-
ary is also sketched in Fig 2, lettered A Cf C D D' B and
marked II, I, III; cuts occur along AC' and BD' t The
resulting curved boundary has three points of inflexion in
the z plane, as sketched in Fig 3

One can, of course, specify that condition 1 applies at one
end of the duct and condition 2 applies at the other Al-
though the velocity still becomes uniform only in a finite duct
at infinity up- and downstream, it approaches its asymptotic
value more rapidly than in the infinite length contraction
This can be illustrated by considering an approximation to
the flow sketched in Fig 2, which is provided by the flow
sketched in Fig 4 Here AD and CE are straight lines going
to infinity

The flow then consists of a source at A together with its
image source; thus, writing the ratio of the velocities at A
and B as n, the flow is given by

w , , dw . . f. dw . ~|= log log — + log log — - 2 logn

When 6 = 0, sin\£ = 0 and then, for 0 < logg < + °°,

0 < & cosi/' < + oo

and for — log^ < logg < 0,

< e* cos i/' < 0

Thus, putting \j/ = 0 along A D gives \f/ = TT along A C and
also along A D

and along A C

= —logg Iogn2g
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f These cuts can extend from A partly toward C and from B
partly towai d D


